We develop a method for transmission stabilization and robust dynamic switching for colliding optical soliton sequences in broadband waveguide systems with nonlinear gain and loss. The method is based on employing hybrid waveguides, consisting of spans with linear gain and cubic loss, and spans with linear loss, cubic gain, and quintic loss. We show that amplitude dynamics is described by a hybrid Lotka-Volterra (LV) model, and use the model to determine the physi- 
I. INTRODUCTION
In several recent studies [17] [18] [19] we provided a partial solution to this key problem and to an equally important challenge concerning the possibility to use the nonlinear crosstalk for broadband transmission switching. Our approach was based on showing that amplitude dynamics of N sequences of colliding optical solitons can be described by Lotka-Volterra (LV) models for N species, where the exact form of the LV model depends on the nature of the waveguide's gain-loss profile [17, 18] . Stability analysis of the steady states of the LV models was used to guide a clever choice of linear amplifier gain, which in turn leads to transmission stabilization, i.e., the amplitudes of the propagating pulses approach desired predetermined values [17] [18] [19] . Furthermore, in Ref. [19] , we showed that static on-off and offon transmission switching can be realized by an abrupt change in the waveguide's nonlinear gain or loss coefficients. The design of the switching setups reported in Ref. [19] was also guided by linear stability analysis of the steady states of the LV model.
The results of Refs. [17] [18] [19] demonstrate the potential of employing crosstalk induced by nonlinear loss or gain for transmission control, stabilization, and switching. However, these results are still quite limited due to the following reasons. First, despite the progress made in Refs. [17] [18] [19] , the problem of robust transmission stabilization is still unresolved. In particular, for uniform waveguides with linear gain and cubic loss, such as silicon waveguides, radiative instability due to the growth of small amplitude waves is observed already at a distance z ≃ 200 even for cubic loss coefficient values as small as 0.01 [17] . The radiative instability can be partially mitigated by employing uniform waveguides with linear loss, cubic gain, and quintic loss, i.e., waveguides with a GL gain-loss profile [18, 19] . However, this uniform GL gain-loss setup is also limited, since the initial soliton amplitudes need to be close to the steady state values for transmission stabilization to be achieved. Second, the switching setup studied in Ref. [19] is also quite limited, since it is based on a static change in the waveguide's nonlinear gain-loss coefficients. Moreover, only one switching event was demonstrated in this study, and off-on transmission was restricted to amplitude values larger than 0.65. In view of the limitations of these uniform waveguide setups, it is important to look for more robust ways for realizing stable long-distance propagation and broadband transmission switching.
In the current paper we take this important task, by developing a method for transmission stabilization and switching in broadband waveguide systems, which is based on employing hybrid waveguides with a clever choice of the physical parameters. The hybrid waveguides consist of odd-numbered spans with linear gain and cubic loss, and even-numbered spans with a GL gain-loss profile. Transmission switching is dynamically realized by fast changes in linear amplifier gain. The robustness of the approach is demonstrated for two sequences of colliding optical solitons. We show that the dynamics of soliton amplitudes is described by a hybrid LV model. We then use stability analysis for the steady states of the LV model to determine the physical parameters that lead to suppression of radiative instability and as a result, to a drastic enhancement in transmission stability and switching robustness.
The hybrid nature of the waveguides and the corresponding LV model plays a key role in the improvement. The predictions of the hybrid LV model are confirmed by numerical simulations with the full system of coupled nonlinear Schrödinger (NLS) equations. The results of the latter simulations show complete suppression of radiative instability, which enables stable propagation over distances larger by an order of magnitude compared with the results reported in Ref. [17] for uniform waveguides with linear gain and cubic loss.
Moreover, multiple dynamic on-off and off-on switching events are demonstrated over a significantly wider range of soliton amplitudes compared with that reported in Ref. [19] for a single static switching event in uniform waveguides with a GL gain-loss profile. The increased robustness of off-on switching in hybrid waveguides can be used for transmission recovery, that is, for the stable amplification of optical pulse sequences that experienced significant energy decay.
We choose optical solitons as an example for the propagating pulses for the following reasons. First, in many broadband optical systems the waveguides are nonlinear and pulse propagation is accurately described by a perturbed NLS equation [6-8, 24, 25, 27] . Furthermore, optical soliton generation and propagation in the presence of two-photon and three-photon absorption was experimentally demonstrated in a variety of waveguide setups [29, 30, [40] [41] [42] [43] . Second, since the unperturbed NLS equation is an integrable model [44] , derivation of analytic results for the effects of nonlinear gain or loss on interpulse collisions can be done in a rigorous manner. Third, due to the soliton properties, soliton-based information transmission and processing in nonlinear broadband waveguide links is considered to be highly advantageous compared with other transmission methods [1, 2, 16] .
The rest of the paper is organized as follows. In Sec. II, we present the coupled-NLS model for pulse propagation in hybrid waveguides, along with the corresponding hybrid LV model for amplitude dynamics. We then use stability analysis of the equilibrium states of the hybrid LV model to obtain the physical parameter values required for robust transmission stabilization and broadband switching. In Sec. III, we present the results of numerical simulations with the coupled-NLS model for stable long-distance propagation and multiple transmission switching events. We also analyze these results in comparison with the predictions of the LV model. Section IV is reserved for conclusions.
II. COUPLED-NLS AND LOTKA-VOLTERRA MODELS FOR PULSE PROPA-
GATION
We consider two sequences of optical solitons propagating with different group velocities in a hybrid waveguide system, in which the gain-loss profile is different for different waveguide spans. We take into account second-order dispersion, Kerr nonlinearity, as well as linear and nonlinear gain and loss. We denote by z distance along the waveguide, and assume that the gain-loss profile consists of linear gain and cubic loss in odd-numbered spans z 2m ≤ z < z 2m+1 , and of linear loss, cubic gain, and quintic loss in even-numbered spans z 2m+1 ≤ z < z 2m+2 , where 0 ≤ m ≤ M, M ≥ 0, and z 0 = 0. Thus, the propagation is described by the following system of coupled-NLS equations:
where t is time, ψ j is the electric field's envelope for the jth sequence, g
j is the linear gain-loss coefficient, and L l (ψ j , ψ k ) describes nonlinear gain-loss effects. The indexes j and k run over pulse sequences, i.e., j = 1, 2, k = 1, 2, while l runs over the two gain-loss profiles.
The second term on the left hand side of Eq. (1) corresponds to second-order dispersion, while the third and fourth terms describe the effects of intrasequence and intersequence interaction due to Kerr nonlinearity.
The optical pulses in the jth sequence are fundamental solitons of the unperturbed NLS
The envelopes of these solitons are given by ψ sj (t, z) = η j exp(iχ j )sech(x j ), where
j z, and η j , β j , y j , and α j are related to the soliton amplitude, group velocity (and frequency), position, and phase, respectively. We assume a large group velocity difference |β 1 − β 2 | ≫ 1, so that the solitons undergo a large number of fast intersequence collisions. Due to the presence of nonlinear gain or loss the solitons experience additional changes in their amplitudes during the collisions, and this can be used for achieving robust transmission stabilization and switching.
The nonlinear gain-loss term L 1 (ψ j , ψ k ) in odd-numbered spans is
where ǫ
3 is the cubic loss coefficient. The first and second terms on the right hand side of Eq. (2) describe intrasequence and intersequence interaction due to cubic loss. The
3 and ǫ 5 are the cubic gain and quintic loss coefficients, respectively. The first and second terms on the right hand side of Eq. (3) describe intrasequence and intersequence interaction due to cubic gain, while the the third, fourth, and fifth terms are due to quintic loss effects.
In several earlier works, we showed that amplitude dynamics of N colliding sequences of optical solitons in the presence of linear and nonlinear gain or loss can be described by LV models for N species, where the exact form of the model depends on the nature of the waveguide's gain-loss profile [17, 18, 45] . The derivation of the LV models was based on the following assumptions. (1) The temporal separation T between adjacent solitons in each sequence is a constant satisfying: T ≫ 1. In addition, the amplitudes are equal for all solitons from the same sequence, but are not necessarily equal for solitons from different sequences. This setup corresponds, for example, to return-to-zero phase-shift-keyed soliton transmission. (2) The pulses circulate in a closed optical waveguide loop. (3) As T ≫ 1, the pulses in each sequence are temporally well-separated. As a result, intrasequence interaction is exponentially small and is neglected.
Under the above assumptions, the soliton sequences are periodic, and as a result, the amplitudes of all pulses in a given sequence undergo the same dynamics. Consider first oddnumbered waveguide spans, where the gain-loss profile consists of linear gain and cubic loss.
Taking into account collision-induced amplitude shifts due to cubic loss and single-pulse amplitude changes due to linear gain and cubic loss, we obtain the following equation for amplitude dynamics of jth sequence solitons [17] :
where j = 1, 2 and k = 1, 2. In WDM transmission systems, it is often required to achieve a transmission steady state, in which pulse amplitudes in all sequences are nonzero constants.
We therefore look for a steady state of Eq. (4) in the form η
where a and b are the desired equilibrium amplitude values. This requirement yields: g becomes asymptotically stable in off-on switching and unstable in on-off switching. The switching is realized dynamically, via appropriate fast changes in amplifier gain, and is thus very different from the static switching that was studied in Ref. [19] .
The LV model for amplitude dynamics in even-numbered spans is obtained by taking into account collision-induced amplitude shifts due to cubic gain and quintic loss, as well as single-pulse amplitude changes due to linear loss, cubic gain, and quintic loss. The derivation yields the following equation for amplitude dynamics of the jth sequence solitons [18] :
Requiring that (η, η) is a steady state of Eq. (5), we obtain g
3 /ǫ 5 and ǫ 5 = 0. Note that in even-numbered spans, the value of κ is used for further stabilization of transmission and switching.
Transmission stabilization and switching are guided by stability analysis of the steady states of Eqs. (4) and (5). We therefore turn to describe the results of this analysis, starting with the LV model (4). We consider the equilibrium amplitude values a = 1 and b = η, for which the linear gain coefficients are g 3 (η 2 /3+2/T ). We first note that (1, η) is asymptotically stable, if η > 9/T 2 , and is unstable otherwise. That is, (1, η) undergoes a bifurcation at η bif = 9/T 2 . The off-on and on-off switching are based on this bifurcation, and are realized dynamically by appropriate changes in linear amplifier gain. To explain this, we denote by η th the value of the decision level, distinguishing between on and off transmission states. The off-on switching is achieved by a fast increase in η from η i < η bif to η f > η bif , such that the steady state (1, η) turns from unstable to asymptotically stable. Consequently, before switching, η 1 and η 2 tend to η s1 > η th and η s2 < η th , while after switching, η 1 and η 2 tend to 1 and η > η th . Thus, transmission of sequence 2 is turned on in this case. On-off switching is realized in a similar manner by a fast decrease in η from η i > η bif to η f < η bif . In this case η 1 and η 2 tend to 1 and η > η th before the switching, and to η s1 > η th and η s2 < η th after switching. As a result, transmission of sequence 2 is turned off by the change in η.
Our coupled-NLS simulations show that stable ultra-long-distance transmission requires where is asymptotically stable if f 1 (η) = (ηT ) 3 /36 + ηT 2 /3 − 6 < 0 and is unstable otherwise, while (0, B η ) is asymptotically stable for f 2 (η) = T 3 /36 + ηT 2 /3 − 6 < 0 and is unstable otherwise.
Finally, the steady state (C η , D η ) is asymptotically stable if h 2 (η) > 0 and h 3 (η) < 0,
. We now describe the phase portraits of Eq. (4) (4) in Fig. 1 (a) , the steady state (1, 1) is globally asymptotically stable, i.e., the soliton amplitudes η 1 and η 2 both tend to 1 for any nonzero input amplitudes η 1 (0) and η 2 (0). The global stability of the steady state (1, 1) is crucial to the robustness of pulse control in hybrid waveguide setups, since it allows for transmission stabilization and off-on switching even for input amplitude values that are significantly smaller or larger than 1. Furthermore, it can be used in broadband "transmission recovery", i.e., in the stable enhancement of pulse energies for multiple pulse sequences that experienced severe energy decay. Note that the instability of the steady state (0, 0) of Eq. (4), which is related to the presence of linear gain in the waveguide, is a major drawback of a uniform waveguide setup with linear gain and cubic loss. Indeed, the presence of linear gain leads to enhancement of small-amplitude waves that, coupled with modulational instability, can cause severe pulsepattern degradation. In the hybrid waveguide setup considered in the current paper, this instability is overcome by employing a GL gain-loss profile in even-numbered spans. We therefore turn to describe the results of stability analysis for the corresponding LV model (5) . We choose η = 1, and require g In stabilization of on-off switching we choose T and κ values satisfying
such that (1, 1) is unstable and another steady state at (η s1 , 0) is asymptotically stable. In this manner, the switching off of soliton sequence 2 is stabilized in even-numbered spans.
In coupled-NLS simulations for on-off switching, κ = 2 and T = 20 are used and η s1 = 1.38255. We emphasize, however, that similar results are obtained for other values of T and κ satisfying T > 15 and inequalities (6) or (7).
III. NUMERICAL SIMULATIONS WITH THE HYBRID COUPLED-NLS

MODEL
The LV models (4) and (5) are based on several simplifying assumptions, whose validity might break down at intermediate-to-large propagation distances. In particular, the LV models neglect intrasequence interaction, radiation emission effects, and temporal inhomogeneities. These effects can lead to instabilities and pulse-pattern corruption, and also to the breakdown of the LV description [17, 18] . In contrast, the coupled-NLS model (1) provides the full description of the propagation, which includes all these effects. Thus, in order to check whether long-distance transmission and robust broadband switching can be realized, it is important to carry out numerical simulations with the full coupled-NLS model.
The coupled-NLS system (1) is numerically solved using the split-step method with periodic boundary conditions [1] . The use of periodic boundary conditions means that the simulations describe propagation in a closed waveguide loop. The initial condition consists of two periodic sequences of 2J + 1 overlapping solitons with amplitudes η j (0) and zero phase:
where j = 1, 2, and β 1 = 0, β 2 = 40, T = 20 and J = 2 are used.
We first describe the results of numerical simulations for transmission stabilization. In this case we choose a = 1 and b = η = 1, so that the desired steady state of soliton amplitudes is Fig. 2 . Also shown is the prediction of the LV models (4) and (5) . The agreement between the coupled-NLS simulations and the prediction of the LV models is excellent, and both amplitudes tend to 1 despite of the fact that the input amplitude values are not close to 1. Furthermore, as can be seen from the inset, the shape of the soliton sequences is retained during the propagation.
Similar results are obtain for other choices of input amplitude values. We emphasize that the distances over which stable propagation is observed are larger by factors of 11 and 2 compared with the distances for the uniform waveguide setups considered in Refs. [17] and [19] . Additionally, the range of input amplitude values for which stable propagation is observed is significantly larger for hybrid waveguides compared with uniform ones. We therefore conclude that transmission stabilization is significantly enhanced by employing the hybrid waveguides described in the current paper.
We now turn to describe numerical simulations for transmission switching. The off-on and on-off transmission of sequence 2 is dynamically realized in odd-numbered spans by abrupt changes in the value of η at distances z s(m+1) satisfying z 2m < z s(m+1) < z 2m+1 .
These changes correspond to changes in the linear gain coefficients g for z s(m+1) ≤ z < z 2m+1 , so that the steady state (1, η) becomes asymptotically stable. In on-off switching, the same η values are used in reverse order and (1, η) becomes unstable.
After switching, transmission is stabilized in even-numbered spans by a proper choice of κ.
In off-on switching stabilization, κ = 1.65 is used, so that (1, 1) is asymptotically stable.
In on-off switching stabilization, κ = 2 is used, so that (1, 1) is unstable and (1.38255, 0) is asymptotically stable.
The following two setups of consecutive transmission switching are simulated: (A) off- The results of numerical simulations with the coupled-NLS model (1) for setups A and B and input soliton amplitudes η 1 (0) = 1.1 and η 2 (0) = 0.85 are shown in Fig. 3 (a) and (b), respectively. A comparison with the predictions of the LV models (4) and (5) is also presented. The agreement between the coupled-NLS simulations and the predictions of the LV models is excellent for both switching scenarios. Furthermore, as shown in the inset of Fig. 3 (b) , the shape of the solitons is preserved throughout the propagation and no growth of small amplitude waves (radiative instability) is observed. The propagation distances over which stable transmission switching is observed are larger by a factor of 3 compared with the distances reported in Ref. [19] , even though in the current paper, seven and eight consecutive switching events are demonstrated compared with only one switching event in Ref. [19] . Moreover, off-on transmission switching is observed over a large range of amplitude values including η 2 values smaller than 0.35. Consequently, the value of the decision level η th for distinguishing between on and off states can be set as low as η th = 0.35 compared with η th = 0.65 for the uniform waveguides considered in Ref. [19] . Based on these observations we conclude that robustness of transmission switching is drastically increased in hybrid waveguide systems with a clever choice of the physical parameters. The increased robustness is a result of the global asymptotic stability of the steady state (1, 1) for the LV model (4), which is used to bring amplitude values close to their desired steady state values, and the local asymptotic stability of (1, 1) for the LV model (5), which is employed to stabilize the transmission against growth of small-amplitude waves.
IV. CONCLUSIONS
In summary, we developed a method for transmission stabilization and switching for colliding sequences of optical solitons in broadband waveguide systems with nonlinear loss or gain. The method is based on employing hybrid waveguides, consisting of odd-numbered spans with linear gain and cubic loss, and even-numbered spans with a GL gain-loss profile, where the switching is dynamically realized by fast changes in linear amplifier gain.
We showed that dynamics of soliton amplitudes can be described by a hybrid LV model. tude values close to their desired steady state values, while the local asymptotic stability of the LV model in even-numbered spans was employed to stabilize the transmission against higher-order instability due to growth of small-amplitude waves. Numerical simulations with the coupled-NLS equations confirmed the predictions of the hybrid LV model. In particular, the simulations showed complete suppression of radiative instability due to growth of small amplitude waves, which enabled stable propagation over distances larger by an order of magnitude compared with the results reported in Ref. [17] for transmission in uniform waveguides with linear gain and cubic loss. Moreover, multiple on-off and off-on dynamic switching events, which are realized by fast changes in linear amplifier gain, were demonstrated over a wide range of soliton amplitudes, including amplitude values smaller than 0.35. As a result, the value of the decision level for distinguishing between on and off transmission states can be set as low as η th = 0.35, compared with η th = 0.65 for the single static switching event that was demonstrated in Ref. [19] in uniform waveguides with a GL gain-loss profile. Note that the increased flexibility in off-on switching in hybrid waveguides can be used for transmission recovery, i.e., for the stable amplification of soliton sequences, which experienced significant energy decay, to a desired steady state energy value. Based on these results, we conclude that the hybrid waveguide setups studied in the current paper lead to significant enhancement of transmission stability and switching robustness compared with the uniform nonlinear waveguides considered earlier.
Finally, it is worth making some remarks about potential applications of hybrid waveguides with different crosstalk mechanisms than the ones considered in the current paper.
Of particular interest are waveguide setups, where the main crosstalk mechanism in oddnumbered and even-numbered spans are due to delayed Raman response and a GL gain-loss profile, respectively. One can envision employing these hybrid waveguides for enhancement of supercontinuum generation. Indeed, the interplay between Raman-induced energy exchange in soliton collisions and the Raman self-frequency shift is known to play a key role in widening the bandwidth of the radiation [47] [48] [49] [50] [51] . However, the process is somewhat limited due to the fact that energy is always transferred from high-frequency components to lowfrequency ones [1] . This limitation can be overcome by employing waveguide spans with a GL gain-loss profile subsequent to spans with delayed Raman response. Indeed, the main effect of cubic gain on soliton collisions is an energy increase for both high-and low-frequency solitons. As a result, the energies of the high frequency components of the radiation will be replenished in even-numbered spans. This will in turn sustain the supercontinuum generation along longer propagation distances and might enable a wider radiation bandwidth compared with the one in uniform waveguides, where delayed Raman response is the main crosstalk-inducing mechanism.
